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1 Institut für Physik, Universität Rostock, 18055 Rostock, Germany
2 University of Western Australia, UWA, Perth, 6009 WA, Australia
3 Joint Institute for High Temperatures of RAS, Izhorskaya, 13, Building 2, Moscow 125412,
Russia

E-mail: thomas.raitza@uni-rostock.de

Received 23 October 2008, in final form 28 January 2009
Published 8 May 2009
Online at stacks.iop.org/JPhysA/42/214048

Abstract
Laser excited small metallic clusters are simulated using classical pseudo
potential molecular dynamics simulations. Time-dependent distribution
functions are obtained from the electron and ion trajectories in order
to investigate plasma properties. The question of local thermodynamic
equilibrium is addressed, and size effects are considered. Results for the
electron distribution in phase space are given, which are interpreted within
equilibrium statistical physics. Momentum autocorrelation functions were
calculated for different cluster sizes and for different expansion states from the
expanding system after the laser–cluster interaction. A resonance behaviour
of the autocorrelation function in finite systems was observed. First, results
concerning collision frequencies in small clusters are given.
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(Some figures in this article are in colour only in the electronic version)

1. MD simulation of laser excited clusters

Recently, experiments with laser excited small clusters [1] are in progress. Applying laser
intensities of 1013–1016 Wcm−2, electrons become delocalized and ionization sets in. An
electron cloud is bound to the ionic structure of the cluster, forming a nano plasma. Using
pump–probe experiments [2], the dependence of enhanced absorption in nano plasmas on the
time delay between pump and probe pulses was investigated. To understand the nano-plasma
interactions, theoretical investigations of optical properties are of interest.
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The dipole resonance behaviour of finite sodium systems in the ground state was
considered, see [3]. Solving the Vlasov equation via PIC simulations [4] of pump–probe
schemes, the resonant and non-resonant absorption of small sodium systems was calculated
and the ionization dynamics was investigated. The ionization processes were modelled [5] for
rare gas clusters of several thousand atoms via molecular dynamics (MD) simulations taking
into account electron collisions. Collision absorption processes for very large systems were
investigated [6] via hydrodynamical simulations.

For a bulk plasma, analytical calculations as well as MD simulations of autocorrelation
functions have been done [7–9] to derive optical properties. Since these properties are
sensitively dependent on the plasma temperature, density and ionization degree, their
measurement can serve as a diagnostic tool.

Firstly, calculations of optical properties for finite systems were presented by Reinholz
et al [10, 11]. Results for optical response taking MD calculations of laser excited sodium
clusters of different sizes were compared with each other and with bulk systems. A main issue
is to infer the properties of the finite plasma from measured spectra.

Finite systems are investigated, using MD simulations based on the method by Suraud
[12] without periodic boundary conditions, in contrast to MD simulations of bulk systems.
Sodium clusters of different sizes were treated, consisting of shells of icosahedrons. In the
ground state, sodium atoms are represented via one electron on top of a singly charged ion.
MD simulations were performed, using an error-function pseudo potential for the interaction
between the particles (i, j denoting species electron and ion)

V erf(rij ) = ZiZje
2

4πε0rij

erf
( rij

λ

)
, (1)

where Zi is the charge of the ith particle. The electrons are charged negatively and the sodium
ions are singly positively charged. The potential parameter λ = 6.02aB was chosen in order
to reproduce the correct ionization energy I P = V ei(r → 0) = −5.1 eV for sodium in the
ground state when the electrons are situated on top of the ions.

2. Nano plasma properties of small clusters

Sodium clusters up to 309 atoms were investigated, irradiated with a cos2 laser pulse of 100 fs
duration and maximum intensity of I = 1012 Wcm−2. In order to characterize the nano plasma
after laser irradiation, single time properties like temperature and density will be derived from
phase space coordinates which have been calculated within our MD simulations. To further
analyse the nano plasma, we introduce the correlation parameter � = e2/(4πε0dkBT e), with
the mean distance of the free electrons d = (3/(4πne))

1/3. It relates the temperature to the
interaction strength. The degeneracy parameter � = 2mekBT e/(h̄

2(3πne))
3/2 indicates the

quantum properties of the respective ideal electron gas. Using MD simulation techniques,
the results are valid only for plasmas, which are non-degenerate (� � 1) and almost ideal
(� ≈ 1). The Debye length λD =

√
ε0kBT e/(e2ne) gives the screening length of the electron

cloud.

2.1. Temperature of excited electrons

The momentum distribution of the electrons can be calculated at each time step of the expanding
cluster system. As a result of 150 MD simulations for a Na309 cluster, figure 1 shows the
average momentum distribution at different times after laser irradiation onset. A Boltzmann
distribution is fitted to the simulations in each case. In this way, plasma temperatures can be
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Figure 1. Particle ensemble averaged electron momentum distribution of the Na309 cluster at
different times after onset of the 100 fs long cos2 laser pulse (symbols) and a Boltzmann fit (lines),
respectively.
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Figure 2. Electron density profile for the Na309 at different times after onset of the 100 fs long
cos2 laser pulse. The electron gas is non-degenerate (� � 1) at all times.

well defined for all times from about 150 fs after laser onset. Before, there are significant
deviations from the Boltzmann behaviour, in particular for small momenta. The concept of
local thermal equilibrium might not be valid in this time range.

The electron temperature decreases due to cluster expansion. Looking for the distribution
of each component of the momentum (px, py, pz) separately, we found isotropy of the
momentum distribution within an uncertainty of 10%.

2.2. Electron density profile inside the cluster

Now we investigate the electron density within the cluster. An ensemble of 150 MD simulation
runs was taken here as well. The radial dependence of the electron density is shown in
figure 2 for different times after the laser irradiation onset. In the outer region, the density
decreases. With increasing expansion of the cluster, the plateau in the centre of the cluster
vanishes and the electron gas becomes more dilute. The radial distribution strongly depends
on the inhomogeneous expansion of the ionic shells.

We now want to consider a mean field potential U(r) of the equilibrated electron system.
It is determined from the forces

�F j (�rj ) =
N e∑
i=1,

i �=j

�F(|�ri − �rj |) +
N i∑
i=1

�F(|�ri − �rj |). (2)
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Figure 3. Electron density profiles of the Na309 at time instant t freeze = 100 fs (black) as well as
the calculated density from the traced effective potential (red). The inset shows the cluster size
dependence of the density profile.

which are acting on a single electron j . Taking only the radial components Fj (�rj ), and
determining an averaged force F(r) = 〈Fj (�rj )〉 from all electrons contained in a sphere of
distance r from the centre, the mean field potential is calculated from

U(r) =
∫ r

∞
dr ′F(r ′). (3)

The electron density follows from Boltzmann’s law:

ne(r) = n0 exp

(
U(r)

kBT e

)
, (4)

where n0 = N e/
∫ ∞

0 dr 4πr2 exp (U(r)/kBT e) is the normalization factor. The electron
temperature T e was taken from the momentum distribution, as discussed above. We obtain
very good agreement with the direct analysis of the simulation data with respect to the central
density as well as the surface profile, see figure 2. This fact strongly supports the assumption
that local thermal equilibrium is well established for the nano plasma when looking at a time
of 200 fs after laser irradiation onset.

For further understanding of this structure, we introduce a restricted MD simulation
scheme. The ions are kept fixed at a certain time instant thus freezing particular thermodynamic
properties. Assuming local thermal equilibrium of the electrons at all times, and due to the
fixed ion geometry, one is able to replace the particle ensemble average by the time ensemble
average of electrons using one single MD simulation run:

f e(�r, �p) = 〈f e(�r, �p, t)〉t = 1

T

∫ T

0
dtf e(�r, �p, t). (5)

To characterize the plasma, it is important to know the central electron density, to be able to
compare with bulk systems. To avoid inhomogeneities of the electron density in the centre, a
new icosahedral ion geometry with average shell distance was taken, therefore guaranteeing
the homogeneity of the ionic structure in the core region. The electrons were placed on top
of the ions and a first kick pulse according to a kinetic energy of 1 eV was induced to every
electron.

Results of calculations using the homogeneous ion structure via restricted MD simulation
which corresponds to an ionic density of ni = 27 × 1021 cm−3 and a temperature of T e =
1.2 eV are shown in table 1.

The electron density profile ne is shown in figure 3 compared with the calculation using
an effective potential U(r). An average over 106 time steps was taken. The effective
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Figure 4. Electron density profiles of the Na309 at time t freeze = 100 fs for two different
temperatures.

Table 1. Results of restricted MD simulations with ion density ni = 27 × 1021 cm−3 and electron
temperature T e = 1.2 eV: number of ions N i; number of electrons N e left inside the cluster;

ionic cluster radius rc =
√

5/3
∑

r2
i ; mean electron density ne,mean calculated from the number

of electrons N e and cluster radius rc; central electron density ne,centre; correlation parameter �;
degeneracy parameter �; Debye length λD; degree of ionization α.

rc ne,central ne,mean λD

N i N e (nm) (1021 cm−3) (1021 cm−3) � � (pm) α

55 39 0.78 19 19.8 5.27 0.46 13.3 0.29
147 113 1.09 27 20.6 6.04 0.37 13.0 0.23
309 257 1.41 27 22.0 6.04 0.37 12.6 0.17

potential U(r) was calculated in the same way as described for the expanding clusters. We
obtain excellent agreement for the r309 cluster. The consistency of our calculations and the
additional fact that the momentum distribution follows a Maxwell–Boltzmann distribution
lead to the conclusion that the single time properties are given by equilibrium distributions
when performing the restricted MD simulation. Similar results are obtained for full and
restricted MD simulations at other parameters of the expanding clusters, so that local thermal
equilibrium is established at 200 fs after the laser onset.

In contrast to the homogeneous positive background density, the electron density shows
oscillations. Comparing different cluster sizes, see the inset of figure 3, these density
oscillations are large near the surface. With increasing cluster size, a nearly constant electron
density is established in the central region, which coincides with the ion density, so that we
conclude that bulk properties are seen there.

To analyse the origin of the density oscillations at the surface, different temperatures were
considered. Increasing the temperature of the Na309 to T e = 3.3 eV (� = 1), the density
oscillation is reduced, see figure 4. Going towards lower temperatures, we have found that the
oscillatory behaviour is more pronounced and a shell structure emerges which indicates the
onset of a crystallization process in a strongly coupled Coulomb system (if treated classically).
Investigating dusty plasmas with a jellium model for the ionic background potential and for
� > 80 000 [13], crystallization effects into shells were found at low temperatures.

Oscillatory electron density behaviour was also found for trapped quantum systems [14]
as well as from quantum calculations of degenerate electron gases at surfaces [15]. In the
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latter case, the wave number, which results from a modified Thomas–Fermi approximation, is
dependent on temperature.

It was shown that a constant density plateau appears using a homogeneous ionic
background density. The differences of the electron density profiles at certain time instants
result from the expansion behaviour of the clusters depending on the cluster size. The surface
profile results from the temperature-dependent crystallization of electrons. The density and
the temperature were determined for every time instant. This allows us to characterize the
nano plasma for 300 fs after laser interaction. For the smallest investigated Na55 cluster, no
plateau is formed since the density profile is affected by the cluster surface.

3. Correlation function of excited electrons

We have shown that after laser–cluster interaction a nano plasma is performed in local thermal
equilibrium. This is characterized by temperature T e(t) and density profile ne(r, t) which are
obtained from single time distribution functions.

To calculate response properties, in particular optical absorption, two time correlation
functions have to be considered. We investigate the momentum autocorrelation function
(ACF) for a restricted MD simulation, taking the ions at fixed positions:

K(t) = 〈P e(0), P e(t)〉 = 1

Nτ

Nτ∑
i=1

P e(iτ )P e(t + iτ ). (6)

Here P e(t) is the total momentum of all electrons inside the cluster. The momentum ACF was
calculated for a laser excited Na309 cluster after 100 fs, i.e. immediately after the irradiation
with the cos2 laser profile. The Laplace transform of the momentum ACF

K̃(ω) =
∫ ∞

0
dt eiωtK(t) (7)

is a complex quantity. The real part is shown in figure 5 for parameter values, given in table 2.
From the fluctuation dissipation theorem [16], one can derive the following relation

between current or momentum ACF and electrical conductivity:

σ(ω) = 1

�0kBT e
〈J long, J long〉ω = nee

2

me
K̃(ω). (8)

In bulk systems, K̃(ω) is peaked around the plasma frequency ωpl
2 = e2ne/(meε0) and we

can take collisions into account by generalized Drude formula

σ(ω) = ε0ωpl
2ω

−i
(
ω2 − ωpl

2
)

+ ωνB(ω)
, (9)

where νB(ω) is the bulk dynamical collision frequency. Using (7), the dynamical collision
frequency can be calculated via momentum ACF:

νB(ω) = 1

K̃(ω)
+ i

(
ω − ωpl

2

ω

)
. (10)
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Figure 5. MD calculation of Laplace transformed momentum ACF of the Na309 cluster (solid line)
with parameters given in the first line of table 2 and two Lorentzian fits (dotted line) using 11.

Table 2. Resonance and collision frequencies for the Na55 cluster in comparison to the Na309
cluster at different times (100 fs, 150 fs and 200 fs).

ne 1021 T e ω1 ν1 ω2 ν2

(cm−3) (eV) (fs−1) (fs−1) (fs−1) (fs−1)

Na11+
55 cluster

17.2 1.2 3.8 0.26 6.2 0.52
11.2 0.9 3.1 0.22 5.3 0.62
6.7 0.7 2.4 0.26 4.4 1.04

Na46+
309 cluster

18.5 3.0 4.1 0.39 6.8 0.63
12.4 2.4 3.1 0.34 5.4 0.91
7.5 1.9 2.3 0.31 4.1 1.27

For a Na309 cluster with frozen ions at t freeze = 100 fs, two broadened resonance structures
are visible in K̃(ω), as shown in figure 5. A fit (dashed line) of the simulated momentum ACF
(solid line) Re K̃(ω) is also shown using a linear combination of two Lorentzians

K̃(ω) = K1ω

ν1ω − i
(
ω2 − ω1

2
) +

K2ω

ν2ω − i
(
ω2 − ω2

2
) , (11)

where ν1 and ν2 as well as ω1 and ω2 are used to fit the position and the width of the resonance
peaks. The parameters K1 and K2 determine the strength of the resonances. In table 2, results
are compared for the Na55 and Na309 clusters for different times after laser irradiation. The
temperature decreases with time and the system becomes more dilute, which results in smaller
resonance frequencies for both cluster sizes. However, the collision frequency is increasing
for the second resonance. Comparing the collision frequency of both cluster sizes, an increase
with bigger cluster size is observed.

4. Conclusion and outlook

The methods developed to investigate homogenous non-ideal plasmas have been applied
to finite nano plasmas, produced by laser irradiation of clusters. It has been shown that
local thermal equilibrium is established shortly after the laser irradiation has been switched
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off. Using restricted MD simulations, we determined single time properties (density and
momentum distribution) as well as two time properties, in particular the momentum ACF
spectrum. The single time properties are well reproduced from equilibrium statistics. The
momentum ACF shows a peak structure. Further investigations are needed to explain the
position of the peaks that indicate the frequencies of excitation modes of the cluster.

We determined frequency-dependent damping rates by Lorentzian fits to the excitation
spectrum. First results of size-dependent collision frequencies were presented. More
systematic investigations are needed to analyse the size effects in the collision frequency,
what will be the subject of future work.

Acknowledgments

The authors gratefully acknowledge financial support by the Deutsche Forschungsgemein-
schaft within the Sonderforschungsbereich SFB 652. IM acknowledges the ‘Dynasty’ Foun-
dation.

References
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